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1. INTR~OUCTI~N 
Let X be a real Banach space. We shall investigate the strong con- 
vergence of a solution of nonlinear Volterra equation 
(V) u(t)+b*Au(t)3g(t), PER+ =[O, co), 
where A is an m-accretive operator in X, b is a given real kernel and g is a 
given X-valued function. In what follows, we make the same assumptions 
on b and g as in [2, 5, 71: 
(Hl) bEAC,,,(R+; R), b(O)>O, b’EBV,,,(R+; R). 
(H2) gE W,‘;;(R+;.Y), g’EL’(R+;X), g(O)ED(A. 
(H3) b is completely positive on R+ and b(m) > 0. 
We may assume without loss of generality that b(0) = 1, sine b(t) and A 
may be replaced by b(t)/b(O) and b(O)A, respectively. Note that, if (H 1) 
holds, the first statement in (H3) is equivalent to the fact that there exists a 
k E L “( R + ; R), nonnegative and nonincreasing satisfying b(t) + k * b(t) = 1 
for t E R + Moreover, in this case, lim, _ o. b(t) = b( cc ) exists, and b( m ) > 0 
if and only if keL’(R+; R). See [2, 5, 71. 
Now define G(u) for u E C(R + ; X) (or C( [0, T]; X), T > 0) as follows: 
G(u)(t)=k(O)u(t)+ j;u(f-s)dk(s) onR+ (or on [0, T]). (1.1) 
Then, (V) is reduced to the following initial value problem 
(E) du(t)/dt+Au(t)+G(u)(t)3f(t), PER+, u(O)=u, 
withf(t)=g’(t)+k* g’(t)+k(t)g(O) d an u0 = g(0). That is to say, u(t) is 
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a strong solution of (V) if and only if it is a strong one of (E). Recall that if 
(Hl ) and (H2) are satisfied, then (V) has a unique generalized solution u(t) 
which is defined by “an integral solution” of (E), and that u = lim, l0 u1 in 
C( [0, T]; A’), T> 0, where uA is a strong solution of the approximating 
problem 
(V,) u,(t)+b*A,uA(t)=g(t),t~R+. 
Here A, is the Yosida approximation of A. See [6, 71. 
2. THEOREMS 
The main result of this paper is the following 
THEOREM 2.1. Let (Hl ))(H3) be satisfied, and assume that X is 
uniformly convex and A is an odd m-accretive operator in X. Then for the 
generalized solution u(t) of ( V), 
lim IIu(t+h)-u(t)11 =0 for each h > 0 (2.1) 
r--t m 
implies that lim, _ ~ u(t) exists and belongs to A ‘0. 
Remark 2.1. From this theorem, we can easily deduce that the same 
result holds for the (unique) integral solution u(t) of 
(E,) du(t)/dt+Au(t)3f(t), PER+, u(O)=u,, 
where f E L’(R+; X) and u0 E D(A), if X and A are as in the above 
theorem. (This result is closely related to [ 1, Theorem 4.11 and [9, 
Sect. 63.) 
Remark 2.2. It can be shown that under (Hl))(H3), if X is a Hilbert 
space and A is an odd maximal monotone operator in X, then, for the 
generalized solution u(t) of (V), lim, _ cc I/ u(t + h) - u(t) 11 exists uniformly 
in h > 0 and hence, by virtue of [2, Theorem 23, the Cesaro mean 
(I/t) sh u(s) ds converges strongly as t -+ co. But in case X is uniformly con- 
vex, it has not been known whether such result holds or not. 
Now, let us consider (V) in case that X= H, a Hilbert space and A = ~3~5, 
the subdifferential of proper lower semicontinuous convex function 4: 
H-r ( -co, co]. We shall denote by (V)$ the problem (V) in such case. In 
addition to (Hl)-(H3), we shall assume that 
(H4) j,‘((k* v)(t), v(t))dtzO for any VEL~,,(R+; H) and T>O, 
NONLINEAR VOLTERRAEQUATIONS 649 
where k is the function defined in Section 1. This assumption is still 
reasonable for application to a problem of nonlinear heat flow with 
memory. In fact, noting [8, Lemma], (H4) is satisfied if k is nonnegative, 
nonincreasing, and convex. Then, using Theorem 2.1, we have the following 
result which generalizes [9, Theorem 7.3(c)]. 
THEOREM 2.2. Let (Hl))(H4) be satisfied and 4 be as mentioned above. 
If 84 is odd, then the generalized solution u(t) of(V), converges strongly to 
an element of (a$)-10 as t -+ co. 
Remark 2.3. As we know from the proof, we can relax the assumption 
(H4) to the same type condition as in [2, Theorem 31: 
(H4’) there exists a 6 > 0 such that 
~oTll~W~~+ j-k 
0 
* v)(t), v(t)) dt 2 6 ?” II v(t) II2 dt 
0 
for any v E L&(R + ; H) and T > 0. 
3. PROOF OF THEOREMS 
We begin with the following two lemmas. 
LEMMA 3.1 ([7]). (i) Let u(t) be the generalized solution of (V) und 
u;.(t) be the strong one of(Vj.). Then, for t E R+ and [y, z] EA, 
If A -‘OZQI,, then SUP~~O ll4t)II<~ and su~i,o,~ro Iluj.(t)ll <x. 
Furthermore we have that lim, _ 2 11 u( t ) - c 11 exists for every [ E A ~ ‘0. 
(ii) Let u and li be the generalized solutions of (V) with (f, uo) and 
(x co) in (E), respectively. Then 
II u(t) - I;(t) II 5 II uo -Co I/ +ji II f(z)-f(t)11 dr for tER+. (3.2) 
LEMMA 3.2. Let A ~ ‘0 # 0 and u(t) be the generalized solution of (V) 
with f E C$ R + ; X) and u. E D(A) in (E). Then there exists a constant C > 0 
such that 
II u( t + s) - u(t) II 2 cs for any t, s 2 0. (3.3) 
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ProojI Let u1 be the strong solution of (E,) with f E Ch(R + ; X) and 
QED(A). By Lemma3.l(ii), putting d,(o)=S:+“o(t+s-5)dk(5), 
II u,(t + s) - udt) II 5 II UI(S) - uo II + J-i II f(7 + s) -f(7) II A 
+ i 
f II d,(u,)(7) II d7. 
0 
Now, 
1; Ilf(7+~)-f(7)II d75jomJ1’ llf’(rl+7)ll 4d75~;jom lIf’(7)II d7dq 
=S s x II f’(7) II d7. 0 
BY Lemma 3.1 (i), II u&) - uo II 5 ja II f(7) - k(7) uo II d7 + Ill Au, Ill 3 5 
(L + 111 Au, 111)s for some L > 0 and jh lld,(uA)(7) 11 dz 5 M’k(O)s, where 
III Au0 III = 4 II z II : z E Au,} and M’ = supi, o,t t o I( ui( t) 11. Therefore, we 
have II u,(t + s) - ul( t) II S Cs with C=L+ l(lAu, I// +I? llf(7)ll dz+ 
M’k(0). Letting %lO, we have (3.3). 
Proqf of Theorem 2.1. First, note that since A is odd and m-accretive, 
we have OEK’O so that {u(t): tz0) is bounded and lim,,,,- Ilu(t 
( = d) exists by Lemma 3.1 (i). Using (2.1), for any s 2 0, 
2d = 2 lim II u(t) II I lim (II u(t) + u(t + s) II + II u(t) - u(t + s) II ) 
r-r= I - a 
= !& 11 u(t) + u(t + s) 11 5 hm I/ u(t) + u(t + S) II 5 2d 
I-aC 1-m 
so that 
lim Ilu(t)+u(t+s)ll =2d for any s 2 0. (3.4) ,-CL 
We now see that for the strong solutions uA of (E,) and li, of (E,) with f 
and u0 replaced by p and ti,, 
cII~A(7)+~i(7)Il +k * Ilui. +c, II (7)XZ 
2 i ’ II f(7) +f(7) II d7 
for tIsz0. (3.5) 
s 
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In fact, since Ai is also odd and strictly accretive, 
O 25 CAAu,l(r) + A,lli,l(z)~ uA(z) + al(z)l - 
5 -(d/dz) II U>.(T) + ‘i(z) II - [G(uJ.)(~) + G(G>)(z)t u;(s) + c>.(T)1 +
+ II f(r) + m II 
5 - (d/‘dz) II Us + cl(r) II - (d/dT)(k * II ui. + GA. II )(z) 
+ II f(z) + fb) II a.e. z. (3.6) 
Here we have used the relation [G(v)(t), u(t) J + 2 (d/&j k * 1) v 1) (t) a.e. 
tER+ for VE W:;L(R+; A’). See [7, Lemma 5.11. Integrate (3.6) over [s, t] 
to obtain (3.5). Next we shall show that 
!& [ inf 11 u( t + s) + u(t) II] 12 d. (3.7) ,-rm Se0 
Let s 2 0 be fixed arbitrarily. Then, by (3.5), for any t’ 2 t 2 0, 
[II u,t(z) + ‘ACT +s)II +k* II u> + ui(. +s) II (~)I:z:’ 
<I” IIf(7)+f(~+~)Il dT+swj” II~,(~,)(~)II 4 = 
I A>0 f 
where d,(u) E j;+.’ v(t + s - 0 dk(<). Since u = limAlo ui. in C( [0, T]; X), 
T > 0. it follows that 
II u(t’) + u(t’ + s) II + k * I) u + u( . + s) II (t’) 
5 II u(t) + u(t + s) II + k * II u + u(. + s) II (t) 
+ J”m II f(r) +fb + S) II dz + SUP irn II AA ll d7. 
, i.>O t 
On the other hand, sy II f(z) + f(s + s) II dz 5 2 Jy Iif II dz and 
k * II u + 4. + s) II (t) 5 1; k(t - z)( II U(T) I/ + II u(z + s) 11) ds 
s 
112 
= 
4t - z)( II 4~) II + II 4~ + s) II ) dz 
0 
+ j-;, k(t- z)(ll4t) II + II 4~ +s) II) dz 
409/120/2- 17 
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where A4 = sup! t 0 I/ u(t) /I. H ence, letting t’ + co, we obtain by (3.4) that 
2d+2djrnk(z)dr 
0 
5 lI4t)+u(t+s)ll+2 sup ll4m “pd?MI 
r/2 5 5 < r 0 
+244 jE’ k(v) 4 + 2 I’m II f(~) II h + I,, (3.8) 
I/‘2 
where Zr=Sup,~o(Supj,>oS~ lln,(,,)(*;il dr). We now show that 
lim, + m I, = 0. Since k is nonnegative and nonincreasing, 
jL II d.,(u;.)(z) II dz 5 M’ j’- (k(r) - k(z + s))dz 
I , 
where M’ = SUP,, o,, z 0 11 uj,(t) I/ (note Lemma 3.1(i)). Hence lim,, JL I, = 0. 
In (3.8) taking the infimum with respect to s 2 0 and then letting t + co, we 
obtain 
2d+2djmk(r)dzS lim [,ir& /Iu(t+s)+u(f)l~]+2d~ox k(t)dz. 
0 ,-cc _ 
Thus (3.7) has been shown. 
Then it follows form (3.7) and lim,,, ilu(t)/I=d that 
lim f,J+ x /I u(t) + U(S) II = 2 d. By uniform convexity of A’, we have 
lim f.J+ p II u(t) - U(S) 11 = 0 and hence lim, _ 7j u(t) exists. 
Now let p = lim,, zi u(t). We will give here the proof of p E A ‘0 
although it can be found in [7, Theorem 4.31. We use (3.1) with y = J, p 
and z=A,p. Then since [-A,p, u(r)-J1p]+ SA~‘{il~(t)--pII- 
II u(r) -.I, p I/ }, it follows that 
Noting that kEL’(R+; R) andfEL’(R+; X), there exists a K>O indepen- 
dent of t such that 
s ~~ll~~~~-~li-ll~~~~-J,~ll}~ -K. 
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Consequently, /I J, p - p II 5 K/t + f jh /I u(t) - p I( dT + 0 as t + oc, so that 
p E A -‘O. Thus the proof is complete. 
Proof of Theorem 2.2. Since &j is odd, it suffices to show that 
lim,,, Ilu(t+h)-u(t)II=O for each h>O. To this end, first let 
f E CA(R + ; H) and u0 E II(@). Then note that the generalized solution u(t) 
becomes the strong one such that U’E L&(R +; H). See [6, Sect. 41 and [4, 
Theorem 3.61. Therefore, by Lemma 3.2, there exists a C> 0 such that 
II u’(t) /I 5 C for a.e. t 2 0. Since t H $(u(t)) is absolutely continuous on 
[0, T] for any T> 0 and (d/dt) d(u(t)) = (h, u’(t)) for h E @(u(t)) a.e. t (see 
[4, Theorem 3.6.1) we see that for a.e. t 2 0 
$&u(t))= j-(r)-u’(t)-k(O)u(t)-jdu(r-r)dk(r)&(r)) 
( 
= - II u’(t) II2 + (f(f) - 4t)uo, u’(t)) 
- 
and then, by integrating, 
I oTllW)l12d~+~i ((k * u’)(t)> u’(c)) dt + $(u(t)) - d(uo) 0 
= oi(l(‘) -k(t)uo, u’(t)) dl s 
CC = I om II f(t) - 4tbo II df 
for any T > 0. 
Now note that there exists an x0 E II($) such that 4(x0) = minj d(x): x E H} 
since (ad))‘0 # a. Then using (H4), we obtain 
~o~ll~‘(1~l12~~~~~u,~-Q~~o~+~jo’ II,f(t)-4t)uo II 4 
so that u’ E L*(R+; H). This implies that 
2 
r+h 
5h II u’(z) II * dT (by Schwarz inequality) 
5h 
s 
T 11 U’(T) II* dt + 0 as t-co. 
I 
Hence lim, _ m 11 u(t + h) - u(t) II = 0 for each h > 0. 
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Next, letfEL’(R+; H), u0 E II(@) and u(t) be the generalized solution 
of (V). Given E > 0, there exist p E CA(R + ; H) and ~2, E II(@) such that 
Ilf-PII L~(R+ ;Hj <c/4 and 11 zq, - ~2, II < c/4. By Lemma 3.l(ii), we have 
II u(t) - C(t) II 2 II uo - co II + c,: II f(r) - A4 II h < 42 for tz0. 
FFrefore, /I u( t + h) - u(t) I/ < E + /I ti(t + h) - t;(t) /I. Then we have 
,-CC 11 u( t + h) - u(t) 11 = 0 for every h > 0. This completes the proof. 
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